I. INTRODUCTION
The combination of the Walsh-Hadamard transform (WHT) with the discrete Fourier transform (DFT) has attracted a lot of interest, and has proved to be a promising candidate for future wireless communication systems, specifically orthogonal frequency division multiplexing (OFDM) introducing the so-called (WHT-OFDM) system [1] - [5] . This technique has been found to provide considerable improvement in terms of bit error rate (BER) [5] and peak-to-average-power ratio (PAPR) for OFDM [6] - [8] . The range of applications of the combined WHT and DFT has also been extended beyond the conventional OFDM systems as shown in [9] - [14] , to include multi-carrier code-division multiple access (MC-CDMA) [10] , [13] , [14] , space-division multiple access (SDMA) [12] , wireless LAN systems [11] , [12] , and the multi-band OFDM ultra-wideband (MB-OFDM-UWB) systems [9] .
The conventional method for computing the WHT-DFT system is carried out based on successively computing the WHT and DFT using well-known fast algorithms. However, this method is not efficient because it requires the calculation of two transforms separately involving high number of arithmetic operations and indexing schemes.
In this work, the development of radix-4 fast Walsh-Hadamard-Fourier transform (FWFT) algorithm that combines the calculation of the two transforms into a single fast algorithm is introduced for the fast calculation of a sequence whose length equals to a power of four. It provides far more efficient performance when compared with the existing WHT-DFT algorithms. In addition to reducing the number of arithmetic operations, the main benefit of the radix-4 FWFT algorithm is the fact that it computes both transforms (WHT and DFT) simultaneously using a unified butterfly, therefore reducing the number of arithmetic operations, delays and indexing. The rest of the paper is organized as follows. Section II presents the mathematical development of the proposed algorithm. Section III outlines the arithmetic complexity, computer run-time, and comparisons. Section IV presents the conclusion.
II. ALGORITHM DERIVATION
The radix-4 FWFT algorithm begins by formulating the TN matrix which is the WHT matrix multiplied by the DFT matrix, as follows:
whereF N is used to indicate the DFT matrix in digit (radix-4) row reverse order and H N is the Walsh-Hadamard matrix. The DFT matrix in (1) is of order N and can be written in terms of matrices of lower order N=4 [15] as shown in (2) 
The factorization in (3) can be expressed in terms of tensor (Kronecker) product asF
where N = 4 m andF 4 is given bŷ 
I N=4 is an identity matrix of order-N=4, operators and 8 stand for tensor product and direct sum, respectively. 
Likewise, (7) can be also expressed in terms of tensor product as
where 
Substituting (4) and (8) into (1) The terms of the product (H4I 4 )(I4F 4 ) in (10) can be swapped. This can be proved, using the mixed-product property (A B)(CD) = (ACBD) [16] (14) Using the same procedure as in (11), the product (H4I 4 )(I4 
Combining (12)- (16) Transforms with the matrices having the form described in (18) can be computed with the proposed in-place butterfly structure, shown in Fig. 1 . The radix-4 FWFT algorithm is based on the decomposition of the transform matrix into product of sparse matrices with every row containing only four nonzero entries. Additionally, a great saving in arithmetic operations can be achieved when (i = 0) as shown in Fig. 2 .
As an example, using an input sequence of length of N = 16, we explain this algorithm clearly. There are two stages to complete this computation. First, according to (18), the T matrix can be factorized into two sparse matrices, as follows: (26)- (27) at the bottom of the next page.
Thus, the T matrix can be factorized into a product of sparse matrices where the rows of each matrix have a maximum of two nonzero elements, reducing both multiplications and additions. Transforms with the matrices having the structure described in (22)- (27) can be computed with the proposed radix-4 algorithm in butterfly style structure shown in Figs. 1 and 2 . The signal flow graph of the radix-4 FWFT transform for 16-point input is illustrated in Fig. 3 .
III. ARITHMETIC COMPLEXITY
This section discusses the arithmetic complexity of the proposed algorithm and compares it with existing WHT-FFT based on similar algorithms. First, the number of complex multiplications and additions of the radix-4 FWFT computation can be calculated and the number of real arithmetic operations obtained. Each butterfly calculates four points involving three multiplications and 16 additions. Furthermore, one more addition can also be reduced using the butterfly structure shown in Fig. 1 . Therefore, three multiplications and 15 additions are actually utilized in each butterfly. It can be seen from Fig. 3 that the first stage is computed in four butterflies, where each butterfly calculates four points representing the matrix given in (20). This requires three additions only and no multiplications. The second stage is also processed in four butterflies, where each of them represents one of the submatrices given in (21). In total, there are nine complex multiplications and 60 complex additions (note that the twiddle factor values of this algorithm have the digit reverse order range of i = 0; 1; . . . N=4 01). Therefore, It should be noted that (28) and (29) are for general butterfly implementation, thus w N=4 is considered as a twiddle factor that is counted as complex multiplication rather than multiplying by 0j.
The corresponding number of complex multiplications CM and complex additions C A for the conventional radix Considering four real multiplications and two real additions for each complex multiplication, and two real additions for each complex addition, the developed radix-4 FWFT and the conventional radix-4 WHT-FFT algorithms are compared based on the total number of real arithmetic operations for different transform lengths as shown in Table I , and as depicted in Fig. 4 . Furthermore, in order to test the validity of the developed algorithm and confirm the results based on the arithmetic operations, the developed algorithm has been implemented using Matlab, and tested on a Core Duo computer with speed of 2.4 GHz and 2 GB RAM. Fig. 5 shows the comparison of the computer run times for the newly developed algorithm and conventional radix-4 WHT-FFT algorithm. Clearly, the results show that the proposed algorithm is about 70%-36% faster than the conventional algorithm.
IV. CONCLUSION
This work has presented an efficient algorithm for fast computation of the WHT and DFT combined in one single step. This can be used to reduce the computational and implementation costs of the WHT-OFDM systems. The newly developed radix-4 FWFT algorithm has been implemented using butterfly structure, and its arithmetic complexity has been calculated and analyzed. A comparison with the conventional WHT-FFT algorithm has been made based on the number of arithmetic operations and computer run times. The results have shown that the proposed algorithm has reduced the number of arithmetic operations and computer run time significantly.
